Abstract-Terahertz (THz) imaging has shown great potential for nondestructive evaluation of a wide variety of manufactured products composed of nonpolar dielectric materials. Recent work by the authors and others has demonstrated the ability to produce three-dimensional (3-D) THz tomographic images of such objects using a single dataset collected in a 2-D synthetic aperture configuration. However, the irregular surface topographies of many objects of interest introduce refractive effects that distort the tomographic images of the object's interior. This paper presents a novel physics-based approach to correct these refractive effects using parabolic equation methods common to undersea acoustics, seismology, and recently adapted for ground-penetrating radar and biomedical ultrasound. The ability of this method to estimate the thickness of a curved dielectric layer in a specially designed 3-D printed test object is demonstrated using experimental data. The error due to approximations made in the method's derivation is also analyzed and used to select simulation test cases to examine the effect of the approximation error on the accuracy of the resulting thicknesses estimates.
I. INTRODUCTION

R
ECENT work in terahertz (THz) imaging has demonstrated its utility in nondestructive evaluation (NDE) applications in the pharmaceutical [1] - [3] , automotive [4] , [5] , and many other industries. Three-dimensional (3-D) THz imaging is most commonly carried out in one of two ways [6] . For transparent samples with small refractive indices, methods from X-ray computed tomography (CT) can be easily adapted to the THz band to generate tomographic images from THz transmissionmode data [7] , [8] . For thick, lossy, or strongly refracting objects, or cases in which the features of interest are close to the object's outer surface, reflection mode methods, such as THz pulsed imaging (TPI) [9] , are more practical. TPI involves focusing broadband THz pulses onto the sample under test and coherently detecting the reflections. The delay times of the reflected pulses are then mapped to axial depth assuming a known refractive index [9] . One limitation of this approach is the inherent assumption that the returned echo pulses originate from a point along the optical axis of the measurement system. This is not problematic for TPI of objects with approximately planar surfaces measured at normal incidence. However, if the measurement is taken at oblique incidence, refraction will cause the beam path to be bent away from the optical axis, resulting in distortions in the image of the object's internal structure. Furthermore, many objects of interest present irregular surface topographies with varying degrees of curvature or other features, which makes measurements at normal incidence much more complicated. A prime example of this arises in THz NDE of the coatings applied to curved pharmaceutical tablets, which was addressed in the pioneering work of Zeitler et al. [1] . Their system utilized a robotic arm to carry out TPI measurements over the extent of a tablet's curved surface while keeping the optical axis aligned normally to the surface's local tangent plane. While effective, this method requires a complicated, expensive setup and a time-consuming scan process that may prove difficult to scale up for implementation on a production line.
Interferometric techniques offer an alternative with several advantages over conventional TPI [10] , [11] . One such method, THz synthetic aperture (SA) tomography, operates in reflection mode, employing a focal lens to effect a point-like virtual transceiver with a diverging beam below [12] . This method has been shown to allow dynamic focusing to multiple depths using a single dataset as well as a high degree of depth resolution without sacrificing spectral information [13] , [14] . While 3-D THz SA tomographic imaging has already been demonstrated on opaque objects and transparent objects with planar boundaries [13] the more general case of objects with nonplanar boundaries remains a significant barrier that will need to be overcome before such methods can be integrated into standard practice in the field of NDE.
Just as in TPI, nonplanar boundaries introduce refractive effects that distort THz SA tomographic images of the object's internal structures. The problem of refraction in transmission mode THz-CT imaging of transparent cylindrical objects has been addressed using methods based on optical ray tracing [15] , [16] , however, these methods do not account for diffraction and have difficulty resolving features near the object's boundaries, which may make reflection-mode imaging methods more practical for resolving features near an object's outer surface. The authors' previous work addressed the refraction problem in THz SA tomography directly [17] by developing a procedure for correcting for the refraction introduced by curved surfaces using a parabolic equation (PE) method-split-step Fourier (SSF) back-propagation-commonly used in underwater acoustics and seismology [18] , [19] and more recently adapted for ground-penetrating radar [20] , [21] and medical ultrasound Fig. 1 . Imaging geometry assumed in THz SA tomography formulation. The object under test, represented by a closed region of refractive index n (r) > 1, is illuminated by an isotropic point transceiver at r 0 = (x, y, 0) in the array plane.
[22], [23] . Unlike the ray tracing approaches in [15] and [16] , PE methods are based on the wave equation and therefore account for both refraction and diffraction within an object under test. Despite their long history and extensive use in other fields, however, PE methods such as SSF have yet to be fully exploited by the THz community.
This paper presents new experimental results that demonstrate the SSF method's ability to correct for refraction and accurately quantify the thickness of a curved dielectric layer. As the SSF propagator is derived using a number of approximations that introduce error for strong refractive index changes and large lateral propagation angles [24] , a set of simulation results that characterize and quantify the influence of the approximation error on the resulting layer thickness estimates is also presented. Section II introduces THz SA tomography as well as two PE methods for image generation using the THz SA data: Fourier back-propagation (FBP) and SSF back-propagation. A detailed analysis of the approximation error in the SSF method is also provided. Section III then presents experimental results from a specially designed, 3-D printed dielectric test object that demonstrates the SSF method's ability to correct for refraction through a curved dielectric layer and provide an accurate estimate of its thickness. Finally, Section IV presents and discusses the results of a number of simulation test cases, based on the error analysis in Section II, that allow the investigation of the effect of propagator error on dielectric layer thickness estimates.
II. THEORETICAL BACKGROUND
The collection geometry for THz SA tomography is illustrated in Fig. 1 . A planar array of isotropic point transceivers lies in the xy plane (z = 0) and illuminates a transparent object with broadband THz pulses. The object under test is assumed to be composed of a localized 3-D region of refractive index n (r) > 1, where the position vector r = (x, y, z). The object is assumed to scatter the THz pulses as if it were composed of a distribution of isotropic Huygens' point reflectors that scatter the fields back to their points of origin in the array plane. The scattered fields, sampled in the array plane, are treated as solutions to the scalar Helmholtz equation:
where the phase velocity
depends on the refractive index distribution n (r) within the object space and the factor of 2 in the denominator accounts for the round-trip propagation from each point transceiver to each scatterer and back. While the refractive index will generally also be dependent on the frequency ω (in rad/s), this frequency dependence will be suppressed throughout this paper for simplicity of notation. Substituting (2) into (1) allows rewriting of the Helmholtz equation as
where the free-space wavenumber k = ω/c. Assuming weak z-dependent propagation, expression (3) can be expressed in parabolic form as [18] , [25] 
in terms of the operator
The parabolic form of the Helmholtz equation in (4) represents the fields in terms of two components propagating in the ±z directions with increasing time. Assuming time dependence is given by e −iω t , the backscattered fields sampled in the array plane are related to those in an arbitrary z plane below the array by
The scattered fields ψ (x, y, 0, ω) collected in the array plane can therefore be numerically extrapolated backward in time (and space) to the image plane z by applying a complex exponential of the form of that in (6) [19] , [21] . In practice, the propagation operator (5) is approximated in various ways to simplify the integral in (6) [18] , [25] . Two such approximations are introduced in the following sections-namely, FBP, which assumes the fields are back-propagated through free space [26] and therefore does not correct for refraction within the object, and SSF back-propagation [19] , an implementation of a wide-angle PE method that does account for refraction within the object.
A. Fourier Back-Propagation
In FBP, the image space is assumed to be composed entirely of free space n (r) = 1 , which removes the spatial dependence of the propagation operator (5) and allows the propagation in (6) to be easily applied in the spatial frequency domain. Under these conditions, the second derivative terms ∂ 2 /∂x 2 and ∂ 2 /∂y 2 in (5) simplify to −k
For an M × N SA array with element spacings Δx and Δy, the x and y components of the wave vector are given by [26] 
and
respectively. The integral in (6) then simplifies, turning the complex exponential into a phase shift e ik z z that can easily be applied in the 2-D spatial frequency domain, i.e.
where
is the 2-D Fourier decomposition in x and y and
is the corresponding 2-D Fourier synthesis [26] . After backpropagating the fields to the desired image plane, the image intensity is obtained by integrating over temporal frequency
The process is then repeated for multiple focal depths until a full 3-D tomographic image is constructed. Previous work in 3-D THz SA imaging [12] , [13] has demonstrated focusing methods very similar to FBP to be well-suited to imaging conductive and/or opaque objects, as well as transparent dielectric objects with planar boundaries aligned parallel to the array plane. However, generating accurate 3-D tomographic images of transparent objects with nonplanar or curved boundaries requires correcting for refraction within the object. Given the knowledge of the refractive indices of the object's constituent materials (likely to be known a priori in a manufacturing application) and the 3-D location of the object's boundaries (obtainable from FBP-processed 3-D tomographic images), this can be quickly and efficiently accomplished by reprocessing the THz SA data using the SSF back-propagation method described in the following section.
B. Split-Step Fourier Back-Propagation
Assuming small lateral changes in refractive index and small lateral propagation angles [19] , [25] , the propagation operator (5) can be approximated as
where the spatially varying refractive index n (r) = n (x, y, z) has been decomposed into a laterally invariant reference refractive index n 0 (z) and a laterally varying perturbation
The two terms in (14) are then applied in two "split" steps to propagate the fields back to a small distance Δz, over which the refractive index is assumed to be constant [18] .
Step 1: Propagate the fields from the z plane to the z + Δz plane by applying a phase shift corresponding to the first term in (14) . This is carried out in the spatial frequency domain by first applying the 2-D spatial Fourier transform in (11)
Step 2: Apply a phase correction corresponding to the second term in (14) to the result of the previous step. This is carried out in the spatial domain by first applying the 2-D inverse spatial Fourier transform in (12)
A reasonable upper limit for the step size Δz is given by
which ensures that the phase correction applied in (17) does not introduce any phase changes greater than π/2 radians. After the fields have been back-propagated to the z + Δz plane, the image Fig. 2 . Diagram illustrating the tangent plane approximation, under which a sensor at x 0 in the array plane will receive a specular reflection from the curved surface at an angle θ p from the z-axis, which is equal to the tilt angle of the tangent plane.
intensity is calculated by integrating over temporal frequency as before, resulting in
The process is then repeated for multiple focal depths until a full 3-D tomographic image is constructed. From (15) , it can be seen that for the special case of n (x, y, z) = 1, (14) simplifies to (7) and the SSF method reduces to FBP. Results of the FBP processing will therefore be treated as the "baseline" method to which the refractioncorrecting SSF method will be compared throughout this paper.
C. Split-Step Fourier Error Dependencies
For a medium characterized by an arbitrary, spatially invariant refractive index n, the propagator in (5) can be expressed as
where θ p is the propagation angle from the z-axis [24] as shown in Fig. 2 . Similarly, the SSF propagator from (14) can be expressed as
where n = n 0 + δn as in (15) . Using (20) and (21), the relative propagator error can then be quantified in terms of the propagation angle θ p and relative refractive index perturbation δn/n 0 as [24] 
Under the tangent plane approximation, a sensor in the array plane at x 0 as shown in Fig. 2 will receive a specular return from the curved surface of radius a at an angle of θ p to the z-axis. The figure also shows that θ p is equal to the angle of tilt of the tangent plane. Fig. 3 shows a contour plot of the relative propagator error in (22) calculated over a range of propagation angles and refractive index perturbations. The dashed lines in the figure indicate the propagator error corresponding to the experimental data described in Section III. This relative propagator error in (22) , combined with the observation from Fig. 2 that the propagation angle θ p is equal to the tangent plane tilt angle, allows the formulation of simulation test scenarios, presented in Section IV, that enable the investigation of the influence of approximation error on thickness estimates from SSF-processed image data.
III. EXPERIMENTAL RESULTS
To demonstrate the ability of the SSF method to quantify the thickness of a curved dielectric layer, the hollow, hemicylindrical dielectric test object shown in Fig. 4 was fabricated using a 3-D printer and smoothed in a room temperature acetone vapor bath. The object was designed with a 5 mm outer radius and an axially sloped inner radius, ranging from 4 mm on one end to 3.5 mm on another, as shown in Fig. 4(a) . The object therefore constitutes a smooth, curved, dielectric layer with axially varying thickness. As shown in Fig. 4(b) and (c), a piece of the reflective copper tape was applied to the interior of the sample to provide a high-contrast return from the inner layer boundary. The ends of the copper tape were intentionally left protruding from either end of the sample as shown in Fig. 4(c) to provide unrefracted points of reference for estimating the true location of the inner surface-the closest possible "ground truth" of the inner surface boundary's location in the experimental data.
The object was imaged using a Picometrix T-Ray 4000 THz time domain system, which was also used to carry out a separate transmission-mode measurement of a planar sample of the plastic extruded by the 3-D printer, from which the material's THz refractive index was determined to be n ≈ 1.59. As described throughly in [12] and [13] , an HDPE focusing lens with a 1-in focal length was used in the T-Ray 4000's monostatic transceiver head to focus the THz beam into a point-like virtual transceiver at the focal point with a diverging THz beam below. This virtual transceiver was then raster scanned approximately 16 mm above the object's front surface to form a 300 × 300-element planar SA. The images were generated by integrating frequency components up to ≈1. 25 THz as in expressions (13) and (19) . The interelement and inner boundaries, estimated from the depth of the protruding ends z inner (x, y slice ) are visible in both images. In the FBP-processed data (a), the inner surface z FBP (x, y slice ) appears displaced vertically from z inner (x, y slice ) due to refraction. In the SSF-processed data (b), the refraction is corrected, bringing the inner surface z SSF (x, y slice ) into alignment with z inner (x, y slice ).
spacing in x and y in the SA was therefore kept to 0.060 mm to satisfy λ/4 spatial sampling at this upper cutoff frequency. While the collection rate of the T-Ray 4000 is far too slow for practical implementation (requiring approximately 25 h for the SA measurements presented in this paper), it nonetheless provides a convenient experimental testbed that allows the evaluation of the performance of the methods presented in Section II. Continued advances in THz measurement systems (such as in [27] ) combined with advanced processing approaches (such as in [28] ) are likely to enable these methods to be practically applied using future systems.
The data were first processed using FBP as described in Section II-A with depth resolution Δz = 12.7 μm, corresponding to 1/8 th of the maximum step size in (18) . Fig. 5(a) shows a cross-sectional slice through the resulting 3-D image data along the axial (x) direction, corresponding to the orientation in Fig. 4(c) .
As the cross-sectional images show, the locations of the upper surface boundary, inner boundary, and protruding copper tape ends are easily identifiable in the 3-D datasets. This allows curves to be fit to the boundary locations in the image, resulting in a 2-D surface profile for each interface. For the upper surface, the 2-D profile is given by z top (x, y), a corresponding slice through, which is shown as a dashed line in Fig. 5(a) . For the protruding copper tape ends, a linear fit was applied to connect the separate surface profiles to either side of the object, resulting in z inner (x, y), shown in Fig. 5(a) as a solid line. As mentioned previously, the protruding copper tape ends provide unrefracted points of reference that enable estimation of the copper tape's true location within the object. The profile z inner (x, y) is therefore treated as the "ground truth," i.e., the inner surface's true location. Applying the fitting process to the inner surface boundary in the FBP-processed data results in z FBP (x, y), a slice through, which is shown as the dotted line in Fig. 5(a) . The figure clearly shows that z FBP (x, y) appears displaced vertically from z inner (x, y) due to refraction from the plastic layer, which is not corrected for by the FBP processing.
Having localized the object's upper boundary z top (x, y) using the FBP-processed 3-D image, the data were reprocessed using the SSF method, as described in Section II-B, assuming the experimentally determined refractive index of n = 1.59 for the region below the upper surface and n = 1 elsewhere in the image space. Fig. 5(b) shows a cross-sectional slice through the resulting SSF-processed data at the same location as Fig. 5(a) . The slices through z top (x, y) and z inner (x, y) are overlaid for reference. As Fig. 5(b) shows, the inner surface boundary in the SSF-processed data is much closer to the ground truth z inner (x, y) than that in the FBP processed data shown in Fig. 5(a) . This is due to the SSF method's correcting for refraction within the dielectric object. Applying the fitting process to the inner surface boundary in the SSF-processed data results in z SSF (x, y), a slice through, which is shown as the dotted-dashed line in Fig. 5(b) . With the exception of some edge effects at y ≈ ±5 mm, the SSF processing brings the apparent depth z SSF (x, y) of the inner boundary into much closer alignment with the ground truth z inner (x, y) from the protruding ends.
Given the location of the object boundaries in the image space, the thickness of the curved dielectric layer can be obtained by simply taking the vertical distance between them. This can be done using the ground truth from the protruding tape ends, resulting in
and the apparent locations of the inner boundaries in the FBP and SSF-processed data, i.e., Defining the thickness error in the FBP and SSF-processed data as
respectively, allows quantifying the thickness error over a range of y values centered about the apex of the object's cylindrically curved upper surface, as shown in Fig. 7 . Fig. 7(a) shows a general increase in Δd FBP (x, y) with increasing x and decreasing y (23)- (25) for the image data in Fig. 5 . Fig. 7 . (a) Layer thickness error Δd F B P from FBP-processed data calculated using (26) . (b) Layer thickness error Δd S S F from SSF-processed data calculated using (27) . While some error remains, the SSF processing significantly reduces the thickness error.
(i.e., in the direction of the upper right corner of the image). The increasing error along the x direction is due to refractive effects causing the apparent axial slope of the inner surface boundary to be steeper than that of the ground truth, as shown in Figs. 5(a) and 6. As Fig. 5(b) shows, SSF back-propagation corrects for this refraction, bringing z inner (x, y) and z SSF (x, y) into closer alignment, reducing the discrepancy in the axial slope, which in turn reduces the x-varying change in thickness error to that shown in Fig. 7(b) . The increase in Δd FBP (x, y) in the −y direction in Fig. 7 (a) is due to the fact that the 3-D-printed sample's outer and inner surface boundaries are not exactly coaxial, i.e., the centers of curvature of z top (x, y) and z inner (x, y slice ) are located at slightly different y values. This axial asymmetry combined with the refractive effects results in z FBP (x, y) having a center of curvature at y ≈ −0.20 mm compared to y ≈ −0.30 mm for z inner (x, y). This ≈ 0.1 mm misalignment of the centers of curvature then maps into (26) and gives rise to the asymmetry along the y dimension shown in Fig. 7(a) . In contrast, the SSF processing largely mitigates these refractive effects, resulting in z SSF (x, y) having a center of curvature at y ≈ −0.29 mm. With the misalignment of the centers of curvature reduced to ≈ 0.01 mm, the asymmetry in Fig. 7(b) is decreased significantly from that in Fig. 7(a) .
The overall increase in accuracy due to SSF processing is also evident in the mean of the thickness error, ± one standard deviation, which is approximately 0.0362 ± 0.0217 mm for Δd SSF (x, y), compared to 0.817 ± 0.112 mm for Δd FBP (x, y) . The following section presents simulation results to explore the effects of the remaining error, discussed in Section II-C, in greater detail.
IV. SPLIT-STEP FOURIER ERROR ANALYSIS SIMULATIONS
As mentioned in Section II-B, the SSF method is based on approximations that are valid for small lateral changes in the refractive index and small lateral propagation angles θ p . Furthermore, Fig. 2 shows θ p is equal to the tilt angle of a curved surface's tangent plane. Given the profile z top (x, y) of the cylindrically curved upper surface of the 3-D printed test object described in Section III, the surface's tangent plane tilt angle was calculated over the extent of the surface using
which was found to be approximately bounded by |θ p | ≤ 32
• . This range of propagation angles combined with the refractive indices of the plastic (n ≈ 1.59) and surrounding air (n = 1) allows calculation of the propagator error using (22) . Lines corresponding to the resulting error in the data are overlaid in Fig. 3 , indicating the relative propagator error in the experimental data stays within approximately ±0.05 (±5%).
While this analysis puts the experimental data in context with respect to the error described in Section II-C, the cylindrically curved surface presents a y-varying change in the tangent plane tilt angle, as shown in Fig. 2 , and therefore a laterally varying change in θ p . In order to quantify the effect of propagation angleinduced error on the layer thickness estimate, the simulation test scenario, shown in Fig. 8 , was devised. The test case consists of a 1 mm thick tilted planar dielectric layer with top and bottom boundaries at (29) and
where z 1 = 15 mm and z 2 = 16 mm as shown in Fig. 8 . The fields on the array reflected from the front and back surfaces of the tilted layer (ignoring etalon reflections reverberating within the layer for simplicity) are given by
where R 1 , R 2 , T 1 , and T 2 are the Fresnel reflection and transmission coefficients at normal incidence for the upper and lower boundaries, and r (x, θ p ) and Δr (θ p ) are given by
Reflected fields on the array were calculated using (31) assuming spectrally flat incident pulses with a bandwidth of 1.25 THz, corresponding to the λ/4 limit for 0.060 mm array spacing used in the experimental data described in Section III. The simulation data were then processed with both FBP and SSF backpropagation using a propagation step size Δz = 12.7 μm as in the measured data from Section III. Fig. 9 shows the images resulting from θ p = 32 • , the "worstcase" relative propagation error in the experimental data along with lines corresponding to the upper surface z top (x, θ p = 32
• ) and lower surface z bottom (x, θ p = 32
• ). Just as in the experimental results in Fig. 5 , the lower surface boundary appears lower than z bottom (x, θ p = 32
• ) in the FBP-processed image [see Fig. 9 (a)] due to refraction, which is largely corrected for by the SSF processing, as shown in Fig. 9(b) . However, Fig. 9 (b) also illustrates the effect of propagator error, which gives rise to a laterally varying difference in the correct and apparent boundary locations in the image. This lateral increase in boundary location mismatch is due to the fact that propagator error accumulates in regions in which the refractive index varies laterally. In the case of a tilted planar dielectric layer, error begins accumulating when the propagation step z + Δz reaches the upper-left edge of z top (x, θ p ) in Fig. 8 . As the fields are backpropagated through the layer, the error accumulates, resulting in an increase in total error with increasing z. The apparent boundary locations in the resulting image [see Fig. 9(b) ] are therefore increasingly displaced from z top (x, θ p ) and z bottom (x, θ p ) with increasing z. While the accuracy of the boundary localization suffers slightly from the SSF propagator error, the estimated location of the lower surface is still much more accurate than for FBP. Applying linear fits to the apparent locations of the upper and lower boundaries in the 2-D image space allows calculation of the apparent layer thicknesses in a similar fashion to that described for the experimental data in Section III. The resulting estimates of the boundary locations are given byẑ FBP top (x, θ p ), 
, where the superscript indicates the processing applied to the data from which the estimates originate. This allows estimating the thickness errors in the simulated data using (34) and
where d true = z 2 − z 1 = 1 mm is the true thickness of the dielectric layer. Fig. 10 shows plots of the mean thickness error, calculated by averaging (34) and (35) over x, for θ p ranging from 0
• to 32 • . In both the FBP and SSF results shown in Fig. 10 , the image pixel size (Δx = 60 μm × Δz = 12.7 μm) introduces artifacts in the linear fit routine used to localize the boundaries, which give rise to small deviations in the thickness error. In spite of these small deviations however, two main conclusions can be drawn from the results shown in Fig. 10 . First and foremost, the performance of SSF decreases with increasing θ p , as would be expected from the analysis in Section II-C. Beginning around the θ p ≈ 12
• mark, propagator error combined with the aforementioned artifacts in the linear fit routine acts to increase the thickness error, which reaches local maxima at θ p ≈ 16
• and 24
• , before increasing monotonically with increasing θ p . Second, even though the performance of the SSF processing suffers with increasing θ p , the thickness error remains much lower than that from the FBP processing.
V. CONCLUSION
The ability of THz radiation to penetrate many nonpolar dielectric materials makes it uniquely suited for nondestructive, noncontact inspection of many industrial products made from or coated with nonpolar dielectric materials. THz SA tomography offers several advantages over more conventional TPI tomographic methods, including a simplified scan geometry and dynamic numerical focusing to multiple depths with a single dataset. However, the irregular surface topographies of some objects of interest complicate numerical focusing, resulting in refractive effects that distort the tomographic images of the object's interior. This paper addresses this issue by introducing PE methods-namely, the SSF method-as a means of correcting for the refraction introduced by such curved boundaries. Though the original motivation for this paper was to allow focusing to within the curved layers of pharmaceutical tablets in order to nondestructively estimate the thickness of the various enteric coating layers, the method developed is much more broadly useful and is applicable to a far larger set of THz imaging scenarios in which refraction from irregular, nonplanar surface topographies needs to be corrected for in order to generate accurate 3-D images of a transparent object's internal structure.
This paper presented experimental results demonstrating the ability of the SSF method to accurately quantify the thickness of a curved dielectric layer. An analysis of the error introduced by the approximations made in the derivation of the SSF operator was then presented, which showed that the approximation error increases with increasing lateral changes in the refractive index and propagation angle. Simulation results for a range of propagation directions were then shown to illustrate the influence of the propagator error on the thickness estimates based on the apparent boundary locations in SSF-processed images. It should be noted that Huang and Fehler demonstrated that the propagation error increases linearly with propagation step size Δz [24] . Applications involving thin curved layers, such as pharmaceutical tablet coatings with thicknesses on the order of 38-76 μm [1] , are likely to require much smaller step sizes and shorter propagation distances than the tests cases discussed in this paper. This will likely result in much better performance (less error) than these test cases indicate.
Having demonstrated the potential for PE methods for THz SA tomography, future work in this area could potentially include the use of more advanced PE methods, such as the splitstep Padé method [29] . In addition, the broad applicability of PE methods in other fields suggests they could be applied to a similarly broad range of THz imaging modalities, to include multistatic reflection mode interferometric methods as well as reflection or transmission mode THz-CT. The results presented in this paper represent the first step in this direction, laying the foundation for further work in bringing the powerful family of PE methods to bear on THz imaging problems.
